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Modified gravity in a viscous and non-isotropic
background
Kh. Saaidi1 • A. Aghamohammadi2 •
H. Hossienkhani3
Abstract We study the dynamical evolution of an
f(R) model of gravity in a viscous and anisotropic back-
ground which is given by a Bianchi type-I model of the
Universe. We find viable forms of f(R) gravity in which
one is exactly the Einsteinian model of gravity with
a cosmological constant and other two are power law
f(R) models. We show that these two power law mod-
els are stable with a suitable choice of parameters. We
also examine three potentials which exhibit the poten-
tial effect of f(R) models in the context of scalar tensor
theory. By solving different aspects of the model and
finding the physical quantities in the Jordan frame, we
show that the equation of state parameter satisfy the
dominant energy condition. At last we show that the
two power law f(R) models behave like quintessence
model at late times and also the shear coefficient vis-
cosity tends to zero at late times.
1 Introduction
Observational data (Riess et al. 1998; Perlmutter et al
1999; Spergel et al. 2003; Tegmark et al. 2004) in-
dicates several shortcoming in the standard model of
gravity (SGR) (Wald 1984; Weinberge 1984; Misner et al.
1970). These shortcoming are related to cosmol-
ogy, large scale structure and quantum field the-
ory. These problems have spanned several theoret-
ical models. For example: the quintessence sce-
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nario, which generalizes the cosmological constant ap-
proach (Caldwell at al. 1998; Sahni and Starobinsky
2000); higher dimensional scenarios (Maartens 2004;
Pietroni 2003; Nozari and Rashidi 2010); or the re-
sort to cosmological fluids with exotic equations of
state (Bento at al. 2003; Nojiri and Odintsov 2007;
Nojiri and Odinsov 2005). Another interesting ap-
proach is f(R) gravity, which generalizes the ge-
ometrical part of the Hilbert-Einstein Lagrangian
(Capozziello 2002; Carroll at al. 2004; Carroll et al.
2005; Nojiri and Odintsov 2003; Clifton and Barrow
2005; Nojiri and Odintsov 2006; Aghmohammadi et al.
2010, 2011, 2009; Saaidi and Aghmohammadi 2011;
Karami and Fehri 2010; Karami et al. 2010; Amendola et al.
2007; Amendola et al 2007; Nojiri and Odintsov 2007;
Capozziello et al. 2006, 2008; Capozziello and Stabile
2009; Nojiri et al. 2005; Nozari and Azizi 2009).
The isotropy of the cosmic microwave background
(CMB) radiation was first reported by the cosmic back-
ground explorer (COBE) satellite (Smoot et al. 1992),
and subsequently reinforced by the Wilkinson Mi-
crowaveAnisotropy Probe (WMAP) data (Hinshaw et al.
2003). These observations, coupled with the assump-
tion that we cannot be in a special position in the
universe, imply that we live in a homogeneous and
isotropic Universe described by a Friedmann-Lemaˆitre-
Robertson-Walker (FLRW) line-element. For this rea-
son, nearly all research on the dynamical evolution of
the Universe is done in the homogenous and isotropic
space-time background.
On the other hand, although the Universe seems
isotropic and homogeneous at present, the large scale
matter distribution in the observable Universe, largely
manifested in the form of discrete structures, does not
show homogeneity of a higher order. Moreover, ac-
cording to a statistical analysis of 4-yr data from the
COBE satellite, tiny deviation from isotropy at the level
of 10−5 has been suggested by (Bunnett et al. 1996),
2and this suggestion was confirmed by high resolution
WMAP data. These studies, which support the exis-
tence of anisotropic phase, lead us to consider the dy-
namical evolution of the Universe with an anisotropic
background.
A Bianchi type-I (BI) Universe, being the straight-
forward generalization of the flat FLRW Universe, is
of interest because it is one of the simplest mod-
els of a non-isotropic Universe exhibiting a homo-
geneity and spatial flatness. In this case, unlike the
FLRW Universe which has the same scale factor for
three spatial directions, a BI Universe has a different
scale factor for each direction. This fact introduce a
non-isotropy to the system. The possible effects of
anisotropy in the early Universe have been investigated
with Bianchi I type models from different points of view
(Komatsu et al 2009; Kumar et al 2011; Yadav et al.
2011; Yadav 2011; Saha 2001; Saha and Boyadjiev
2004; Khalatnikov and kamenshchik 2003). Some
other papers dealing with anisotropic cosmology are
(Bertschinger 1994; Guzman 1993; Halpern 1994;
Van den Hoogen 1995; Kalligas et al. 1995; Brevik and Pettersen
1997; Caderni and Fabbri 1977) but, to the best of our
knowledge, there are no detailed studies of f(R) gravity
in an anisotropic background. Therefore, we investigate
the dynamical evolution of the Universe with a viscous
and anisotropic background in f(R) gravity.
The present paper is organized as follows: In Sec. 2,
we review f(R) model and the conformal transforma-
tion between the Jordan frame and the Einstein frame.
In Sec. 3, we consider the field equations of f(R) grav-
ity in a non-isotropic space-time. Sec. 4, considers the
set of solutions to the field equations. Finally, the latter
section is devoted to conclusions.
2 Preliminary
We study the Bianchi type I (BI) cosmological model as
a gravitational field in modified gravity. The BI model
is the simplest model of a non-isotropic Universe that
describes a homogeneous and spatially flat space-time.
2.1 f(R) gravity
We consider the general form of the action for f(R)
gravity to be given by
Sf(R) =
∫
d4x
√−g
[
f(R)
2
+ κLm(gµν,ψ)
]
, (1)
where f(R) is a function of the Ricci scalar R, gµν
is the metric of space-time, ψ is the matter field, and
Lm(gµν , ψ) is the matter Lagrangian. We assume the
metric gµν is the only independent variable. Taking the
variation of (1) with respect to gµν gives
Rµνf
′(R)−1
2
f(R)gµν−∇µ∇νf ′(R)+gµνf ′(R) = Tmµν ,
(2)
where Tmµν , the stress-energy tensor of matter, is defined
by
l2′Tmµν = −
2√−g
δ(
√−gLm)
δgµν
. (3)
We have taken κ = 1 in this work.
2.2 Conformal transformation
As regards f(R) model of gravity can be rewritten as
scalar tensor theories via a famous conformal transfor-
mation:
e−2βφ = f ′(R). (4)
Using Eq. (4), one can rewrite Eq. (1) as
SST =
∫
d4x
√−g¯
[
R¯
2
− 1
2
g¯µν∇µφ∇νφ− V (φ) (5)
+Lm(e
2βφgµν , ψ)
]
,
where we have defined the Einstein frame metric, g¯µν ,
by a conformal transformation g¯µν = e
−2βφgµν . The
potential V (φ) is given by
V (φ) =
Rf ′(R)− f(R)
2f ′(R)2
. (6)
Variation of Eq. (5) with respect to g¯µν and φ gives
R¯µν − 1
2
R¯g¯µν = ∇µφ∇νφ+ g¯µν
[
1
2
(∇φ)2+V (φ)
]
+T¯mµν ,
(7)
and
¯φ = V ′(φ) − βT¯m, (8)
where ∇¯µg¯µν = 0 is used. Note that in the Einstein
frame all indices are lowered and raised by g¯µν .
The line element of the BI type can be expressed as
ds2 = dt2 −A2(t)dx2 −B2(t)dy2 − C2(t)dz2, (9)
where the metric function, A,B,C, are functions of
time, t, only. This model is an anisotropic general-
ization of the Friedmann model with Euclidean spatial
3geometry. The expansion factors, A, B, C, are deter-
mined via Einstein’s equation. In this work, we shall
restrict ourselves to the Kasner form of the metric as:
ds2 = dt2 − t2p1dx2 − t2p2dy2 − t2p3dz2, (10)
where p1, p2, p3 are three parameters which we will
require to be constant. The space is anisotropic if pi 6=
pj , (i, j = 1, 2, 3).
3 Field equations
By making use of Eqs. (7) and (8), we can derive the
field equations. Using Eq. (10) and introducing symbols
S ≡ p1+ p2+ p3 and Q ≡ p21+ p22+ p23, the components
of Ricci tensor, namely R¯00 and R¯ii are
R¯00 =
S −Q
t2
+
Sβφ˙
t
+ 3βφ¨, (11)
R¯ii = t
2pi
[
pi(S − 1)
t2
− βφ˙
t
(S + 2pi) + 2β
2φ˙2 − βφ¨
]
.
(12)
We consider the stress-energy momentum tensor for a
viscous fluid:
Tµν = [ρ+ (P − ξθ)] uµuν − (P − ξθ)gµν +2ησµν , (13)
where uµ, ρ, P , ξ and η are the fluid’s four velocity, en-
ergy density, isotropic pressure, bulk and shear viscosi-
ties, respectively. The scalar expansion and traceless
shear tensors are
θµν =
1
2
[
uµ;αh
α
ν + uν;αh
α
µ
]
, (14)
σµν = θµν − 1
3
hµνθ, (15)
respectively. Here, hµν = uµuν − gµν is the projection
operator. Taking the trace of Eq.(7) gives :
R¯ = (∇¯φ)2 + 4V (φ)− T¯m. (16)
By substituting Eq. (16) into Eq. (7), we have
R¯µν = e
2βφ
[
Tµν − 1
2
Tgµν
]
+ e−2βφgµνV (φ)+∇µφ∇νφ.
(17)
So the components R¯00, R¯ii are
R¯00 = e
2βφ
[
ρ− 1
2
{
ρ− 3(P − ξθ)}]+e−2βφV (φ) + φ˙2,
(18)
R¯ii =
[
e2βφ
2
{
ρ− (P − ξθ) + 4η
t
(
S
3
− pi)
}
(19)
−e−2βφV (φ)
]
t2pi .
Using Eqs. (11), (12), (18) and (19), one can gets that
e2βφ
[
ρ− 1
2
{
ρ− 3(P − ξθ)}]+ e−2βφV (φ) + φ˙2
=
S −Q
t2
+
Sβφ˙
t
+ 3βφ¨, (20)
pi
[
−2ηte2βφ + (1− S)
t2
+
2βφ˙
t
]
+
Sβφ˙
t
− 2β2φ˙2 + βφ¨
= −e
2βφ
2
[
ρ− (P − ξθ) + 4ηS
3t
]
+ e−2βφV (φ). (21)
Since the pis (i = 1, 2, 3) are linearly independent, we
find that
η =
[1− S
2t
+ βφ˙
]
e−2βφ. (22)
Substituting Eq. (22) into the right hand side of
Eq. (21) gives
e2βφ
[
ρ− (P − ξθ)
]
= 4β2φ˙2 − 2βφ¨ (23)
−10
3
Sβφ˙
t
− 2S(1− S)
3t2
+ 2e−2βφV (φ).
By combining Eqs. (23) and (20), we obtain explicit
expression for ρ and p as follows
e2βφ(P − ξθ) = 1
6t2
[
4S − 3Q− S2]+ 4
3
Sβ
t
φ˙ (24)
+2βφ¨− [β2 + 1
2
]φ˙2 − e−2βφV (φ),
e2βφρ =
1
2t2
(S2−Q)+e−2βφV (φ)−2βS
t
φ˙+(3β2− 1
2
)φ˙2.
(25)
Substituting Eqs. (24) and (25) into Eq. (8), we get that
the equations of motion for the scalar field φ, are
φ¨+ φ˙
S
t
−βφ˙2 = e
−2βφ
(1− 6β2) [V
′(φ)− 4βV (φ)]+ C
t2
, (26)
where
C =
β
(1− 6β2)
(
2S − S2 −Q) .
44 The solutions
In this section we want to solve Eq. (26). As an ansatz,
we suggest
φ = φ0 ln(t), (27)
where φ0 is a constant with the same dimension as φ
and t is a dimensionless time parameter such as t =
τ/τ0, where τ0 can be the present time. By this choice,
we can consider three classes of solution as follows.
4.1 Case I
A class of solutions to Eq. (26) is given by
e−2βφ
(1− 6β2)
[
V ′(φ) − 4βV (φ)
]
= 0, (28)
φ¨+ φ˙
S
t
− βφ˙2 − C
t2
= 0. (29)
In this case we assume φ = φ1 ln(t), where φ1 is a con-
stant. Solving Eq. (28), gives
V (φ) = V1e
4βφ, (30)
where V1 is an integration constant. By substituting
Eq. (30) into Eq. (29), we obtain the following con-
straint:
(S − 1)φ1 − βφ21 − C = 0. (31)
Also, we can find that ρ, P and η are
ρ = V1 +
ρ1
t2α1
, (32)
P = −V1 + S
t
ξ +
P1
t2α1
, (33)
and
η = [1− S + 2βφ1] 1
2t2α1−1
. (34)
Where
ρ1 =
1
2
[
S2 −Q+
{
(6β2 − 1)φ1 − 2βS
}
φ1
]
, (35)
P1 =
1
6
[
4S−3Q−S2+{8Sβ − 12β − (6β2 + 3)φ1}φ1
]
,
(36)
and
α1 = (βφ1 + 1).
From Eqs. (32) and (33) we can find the equation of
state parameter, γ = P/ρ as
γ =
P
ρ
= −1 + (γ1 + 1)ρ1
V1t2α1 + ρ1
+
Sξ
V0t+
ρ0
t2α1−1
, (37)
here γ1 = P1/ρ1.
Using Eqs. (30) and (6), one can obtain that the vi-
able f(R) and V (R) function are
f(R) = −2V1 + f1R, (38)
V (R) =
V1
f21
(39)
where f1 is an integration constant and 2V1 is similar
to the cosmological constant Λ. In this case, the f(R)
model of gravity is exactly the standard Einsteinian
model of gravity.
4.2 Case II
We assume φ = φ2 ln(t), where φ2 is a constant. So,
we suggest another class of solutions which satisfy the
following equations:
e−2βφ
(1− 6β2)
[
V ′(φ)− 4βV (φ)
]
=
B
t2
, (40)
φ¨+ φ˙
S
t
− βφ˙2 − B + C
t2
= 0, (41)
where B is a constant. From Eq. (40), we have
V (t) = V2t
2βφ2−2, (42)
where
V2 =
B(6β2 − 1)φ2
2(1 + βφ2)
. (43)
By substituting Eq. (42) into Eq. (41), we can obtain a
constraint which φ2 has to satisfy:
(S − 1)φ2 − βφ22 − B − C = 0. (44)
Also, we get that ρ, P and η are
ρ =
ρ2
t2(βφ2+1)
+ V0t
2(βφ2−1), (45)
P =
P2
t2(βφ2+1)
− V0t2(βφ2−1) + S
t
ξ, (46)
η =
1
2
[1− S + 2βφ2] 1
t(2βφ2+1)
.l42 (47)
where
ρ2 =
1
2
[
S2 −Q+ (6β2 − 1)φ22 − 4βSφ2
]
, (48)
5and
P2 =
1
6
[
(8Sβ− 12β)φ2− (6β2 +3)φ22+4S− 3Q−S2
]
.
(49)
From Eqs. (45 ) and (46) we have
γ =
P
ρ
= −1 + P2 + ρ2 + Sξt
(2βφ2−1)
ρ2 + V0t4βφ2
. (50)
Using Eqs. (42) and (6), we get that the viable f(R)
and V (R) functions are:
f(R) = f2R
1−ǫ, (51)
V (R) = − ǫ
2(1− ǫ)2f2R
1+ǫ, (52)
l51V (φ) = − ǫ
[
(1− ǫ)f2
] 1
ǫ
2(1− ǫ)2f2 e
2β(1+ǫ)
ǫ
φ, l52 (53)
where f2 is the constant of integration and
l53ǫ =
Bφ2
Bφ2 + S2 +Q− 4S . (54)
To obtain stability for the above f(R), the follow-
ing condition must be satisfied (Aghmohammadi et al.
2009):
d2f
dR2
> 0. (55)
One can see that Eq. (51) is stable when
ǫ < 0. (56)
From Eqs. (51) and (60), one can see that for βφ2 =
0(ǫ = 0), it follows that f(R) = R, which is the
standard Einsteinian model of gravity. However, for
βφ2 = 0(ǫ = 0), the quantities ρ, P and η are:
ρ =
S2 −Q
2t2
, (57)
P − S
t
ξ =
4S − S2 − 3Q
6t2
, (58)
η =
1− S
2t
. (59)
These results are in (Brevik and Pettersen 1997). The
dominant energy condition (DEC) requires −ρ+ S
t
ξ ≤
P ≤ ρ + S
t
ξ. Then, from Eqs. (57), (58) and (59),
for P ≤ ρ + S
t
ξ, we have that 1 ≤ S. For the case
−ρ + S
t
ξ ≤ P , we obtain S(S + 2) ≥ 3Q. Thus, from
these expressions it is easy to see that η ≤ 0 and ρ ≥ 0.
4.3 Case III
In this case we assume φ = φ3 ln(t) and B = −C.
According to Eq. (44) φ3 is
φ3 =
S − 1
β
, (60)
and Eq. (42) reduces to
V (t) = V3t
2(S−2), (61)
where
V3 =
(2S − S2 −Q)(S − 1)
2S
.
We can obtain physical quantities as
ρ =
ρ2
t2S
+ V3t
2(S−2), (62)
P =
P2
t2S
+
S
t
ξ − V3t2(S−2), (63)
η =
(S − 1)
2t2S−1
. (64)
Here
ρ3 =
1
2
[
3S2 −Q − 8S + 6− (S − 1)
2
β2
]
, (65)
P3 =
1
6
[
S2 − 4S + 6− 3Q− 3(S − 1)
2
β2
]
, (66)
and we can obtain f(R) and V (R) as
f(R) = f3R
1+ǫ, (67)
V (R) =
[W − 2V3
2Wf3
]
R1−ǫ, (68)
V (φ) =
[W − 2V3
2W ǫf3
]
e
2β(1−ǫ)
S−1 φ, (69)
where f3 is an integration constant and
ǫ =
2V3
W − 2V3 , W =
1
4
(4S − S2 −Q). (70)
One can show that this model is stable if ǫ > 0.
Since the shear coefficient of viscosity at early time is
much bigger than the bulk viscosity (Caderni and Fabbri
1977), we take ξ = 0. Moreover, for simplicity we
suppose a special non-isotropic background given by
p1 = p2 = p and p3 = np, where n is a positive con-
stant. However, one can write the barotropic equation
of state as P = γρ. It is well known that the dominant
energy condition (DEC) imply that γ lies in the interval
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Fig. 1 (a): This sub-figure shows the equation of state pa-
rameter, γ, versus cosmic time. (b): This sub-figure shows
the shear coefficient viscosity, η, versus cosmic time, t. We
have taken p = 0.45, n = 1.2 and β =
√
2/3.
[-1, 1]. From Eqs. (62) and (63), and the above assump-
tions, we can obtain the equation of state parameter as
γ = −1 + P3 + ρ3
ρ3 + V3t4(S−1)
. (71)
In order to gain better insight we make a suitable choice
of parameters. For example, we let p = 0.45, n = 1.2
and β =
√
2/3. For this choice, S = 1.44 and ǫ ≈ 0.047,
which means that the model is stable. We plot the
equation of state parameter γ and the shear coefficient
of viscosity η versus t if Fig. 1. Fig. 1a indicates that
the equation of state parameter belongs to [−1, 1]. I.e.,
this model can satisfy the DEC, and by increasing time
it is saturated to −1. This means our model behave
like a quintessence model at late times. Fig. 1b shows
that the shear coefficient of viscosity is notable at early
times and as time passes it tends to zero. Namely, the
part of viscosity coming from the non-isotropic form
of background is negligible at late times ( the present
time).
5 Conclusion
The main purpose of the present work is to study f(R)
gravity in an anisotropic metric, such as the Kasner
metric. We have assumed that the Universe is filled by
a viscous cosmic fluid which is endowed with a shear vis-
cosity η and a bulk viscosity ξ. In this work, we have
obtained three viable forms of f(R) gravity in which
one was exactly the Einsteinian model of gravity with
a cosmological constant and the other two were power
law f(R) models. We showed that these two power
law modified models of gravity are stable with a suit-
able choice of parameters. Also, we solved different
aspects of the model and found physical quantities in
the Jordan frame. Our study shows that the equation
of state parameter satisfies the dominant energy con-
dition. Moreover, the power law f(R) models behave
like a quintessence model at late times and the shear
coefficient viscosity tends to zero at late times.
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